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ARTICLES

Electronmagnetohydrodynamic response of a plasma to an external
current pulse

H. B. Zhou,a) K. Papadopoulos, and A. S. Sharma
University of Maryland, College Park, Maryland 20742

C. L. Chang
Science Applications International Corp., McLean, Virginia 22101

~Received 30 June 1995; accepted 1 February 1996!

In this paper we examine the dynamic response of a magnetoplasma to an external time-dependent
current source in the context of electronmagnetohydrodynamics~EMHD!. A combined analytic and
numerical technique is developed to address this problem. The set of cold electron plasma and
Maxwell’s equations are first solved analytically in the~k,v! space. Inverse Laplace and
three-dimensional complex Fast Fourier Transform techniques are used subsequently to numerically
transform the radiation fields and plasma currents from the~k,v! space to the~r ,t! space. The results
show that the electron plasma responds to a time-varying current source imposed across the
magnetic field by exciting whistler/helicon waves and forming an expanding local current loop,
driven by field-aligned plasma currents. The current loop consists of two antiparallel field-aligned
current channels concentrated at the ends of the imposed current and a cross-field Hall current
region connecting these channels. The characteristics of the current closure region are determined by
the background plasma density, the magnetic field, and the time scale of the current source. The
results are applied to the ionospheric generation of extremely low-frequency~ELF! and very
low-frequency~VLF! radiation using amplitude modulated high-frequency heating. It is found that
contrary to previous suggestions the dominant radiating moment of the ELF/VLF ionospheric
source is an equivalent horizontal magnetic dipole. ©1996 American Institute of Physics.
@S1070-664X~96!01805-4#

I. INTRODUCTION

The transient response of a magnetoplasma to externally
imposed stationary or moving current pulses is a fundamen-
tal plasma physics problem with a wide range of applica-
tions. The formal solution of this problem for a cold, colli-
sionless, isotropic plasma is well known.1 Kuehl2 used the
far-zone dyadic Green’s function to calculate the radiation of
an electric dipole in a two-dimensional~2-D! magneto-
plasma. A solution was found only for the case when the
frequencyv is much higher than the electron plasma fre-
quencyve and the electron cyclotron frequencyVe , viz.
v/ve@1 andv/Ve@1. For low frequencies,v,Ve , the inte-
gral equation reduces to a transcendental equation that can-
not be solved analytically. Vidmar3 used a saddle point
method to study the delta function excitation of waves in the
Earth’s ionosphere in one dimension. He found an asymp-
totic solution, valid for the far-zone field and long after the
source turn-on. Transient effects were lost through the use of
the saddle point method. Furthermore, saddle point methods
are very difficult to use4 for multidimensional cases. Because
of the mathematical difficulty in calculating the integrals
analytically in two or three dimensions, numerical solutions
are required.

The objective of this paper is to study the transient re-

sponse of a magnetoplasma to a current pulse, in the param-
eter range where the ratio of the electron cyclotron to elec-
tron neutral collision frequency~ne! is larger than unity,
while the ratio of the ion cyclotron to the ion neutral colli-
sion frequency~ni! is smaller than unity. This is the case for
the plasma in the D and E regions of the ionosphere between
70–130 km altitude range. At high latitudes this region is
penetrated by electric fields and currents. As a result, tran-
sient precipitation events that cause local conductivity modi-
fications induce current pulses, to which the plasma responds
by generating electromagnetic~EM! waves and currents. Of
particular interest is the plasma response to periodic heating
of the D region by ionospheric high-frequency~HF! radio
wave heaters. This phenomenon is extremely important,
since it leads to the generation of low-frequency EM waves
in the ultra low-frequency~ULF!, extremely low-frequency
~ULF!, and very low-frequency~VLF! ranges.5–8 A new
technique that combines analytic and numerical methods is
developed in this paper. The electron plasma and Maxwell’s
equations are solved analytically in Fourier space; then in-
verse complex fast Fourier transform~FFT! technique is
used to transform the radiation fields and plasma currents
from Fourier space into real space and time. A general form
of time-varying current source is used, and collisional effects
on the plasma response are retained. This paper is organized
as follows. In the next section we discuss the dielectric prop-
erties of the D region and present the model used in the

a!Current address: GE Capital Spacenet Services, Inc., 1750 Old Meadow
Road, McLean, Virginia 22102-4300.
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computations. In Sec. III we present the basic set of equa-
tions and the methods used to obtain their solutions. The
computational results are discussed in Sec. IV. In Sec. V we
discuss the application of the model to the generation of
ELF/VLF waves in ionospheric heating. In the final section
we summarize the results and present suggestions for future
studies.

II. EIGENMODES OF THE LOWER IONOSPHERE

The linear wave equation describing electromagnetic
wave propagation excited by a currentJs~r ,t! in a vertically
stratified ionosphere is given by9

2“3~“3E!1
ve
2~z!

c2
1

Ve
G~z!–

]E

]t
5
4p

c2
]Js~z,t !

]t
,

~1!

where

G~z!5F K'~z! Kx~z! 0

2Kx~z! K'~z! 0

0 0 Kz~z!
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K'5
e

11e2
, Kx5

1

11e2
, Kz5

Ve

ne
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and

e5
ne
Ve

1
V i

n i
. ~4!

In deriving Eqs.~1!–~4! a vertical magnetic fieldB5êzB0
was assumed andne(n i) is the electron~ion! neutral collision
frequency. Figure 1 shows plots ofK'(z) and Kx(z) as a
function of altitude for typical ionospheric parameters. The
important aspect of Fig. 1 is that forz.130 km the diagonal
elements ofG(z) dominate, giving rise to the traditional
low-frequency Alfvén waves. However, for 70 km,z,130
km, the off-diagonal elements dominate, even for frequen-
cies approaching zero. Since the value ofe!1, only the elec-
tron dynamics is important and the magnetized plasma
modes resemble the well-known helicon modes in solid state
plasmas.10,11The importance of this mode for the lower iono-

sphere can be seen by referring to the dispersion relation of
the plasma in the 70–130 km altitude range for parallel
propagation (k5êzk). This is given by

S kcv D 2512
ve
2

v~v2 ine2Ve!
2

v i
2

v~v2 in i2V i !
. ~5!

For v,V i,n i , ne!Ve , and neglecting the displacement
current, we obtain

v5k2c2
Ve

ve
2 F12 i S ne

Ve
1

V i

n i
D G . ~6!

This is the helicon mode and suffers weak attenuation, even
for v!ne ,n i . The important aspect of the above analysis is
that in the 70–130 km range the plasma response is con-
trolled by electron dynamics, not only in the usual whistler
range (V i,v,Ve), but also in the low-frequency range
~v,Vi!. As a result, when the plasma response to externally
induced perturbations is considered, it is sufficient to retain
only the electron dynamics and ignore the motion of the ions.
Such a model is referred to as the electronmagnetohydrody-
namic ~EMHD! model and is described in the next section.

III. IONOSPHERIC PLASMA MODEL

We study below the response of an electron plasma to a
time-dependent and bounded current sourceJs~r ,t!. The
plasma is modeled by the EMHD equations, which, as dis-
cussed in Sec. II, are the equations that describe the plasma
in the range between 70–130 km in the ionosphere. Assum-
ing a homogeneous, cold plasma with the ions forming a
stationary neutralizing background, the EMHD equations
are12

“3B52
4p

c
en0Ve1

4p

c
Js , ~7!

dVe

dt
52

e

me
SE1

1

c
Ve3B0D2neVe , ~8!

“3E52
1

c

]B

]t
, ~9!

wheren0 is the electron density,Ve is the electron fluid ve-
locity, E andB are the radiation fields, andJs is the exter-
nally driven current source, whose form will be specified
later. The dominant plasma response enters through the first
term on the right-hand side of Eq.~7!. The displacement
current has been neglected since we are interested only in
low frequencies. From Eqs.~7!–~9! we obtain for the evolu-
tion of the magnetic fieldB~r ,t!,

]

]t
¹2B1ne ¹2B2

ve
2

c2
]B

]t
2Ve~b–“ !~“3B!

5
4p

c S 2
]

]t
“3Js1Ve~“–Js!b2Ve~b–“ !

3J2ne“s3JsD , ~10!

whereVe5eB0/mec, b5B0/uB0u, andve
254pn0e

2/me . This
is the key equation of the paper. Before proceeding with its

FIG. 1. K'(z) andKx(z) as functions of altitude for typical ionospheric
parameters.
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solution, it is instructive to examine the evolution of the
electric fieldE~r ,t!, for an inertialless~me50! and collision-
less~ne50! plasma. From Eqs.~7!–~9! we find

]E

]t
2
c2Ve

ve
2 ¹2E3b5

4pVe

ve
2 b3

]Js
]t

. ~11!

We solve Eq.~10! by using a spatial Fourier and tempo-
ral Laplace transform~the Appendix!. This yields

D~k,v!–B~k,v!5Jext~k,v!, ~12!

whereD~k,v! is the dielectric tensor of magnetized plasma,

D~k,v!5 i
4p

c S 2 ik2v1 i
ve
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and Jext~k,v! is the transform of the external source and is
given by

Jext~k,v!5
4p

c
@vk3Js1 iVe~k–Js!ẑ2 ikzVeJs

2 inek3Js#. ~14!

The dispersion relation is

D~k,v!50. ~15!

From Eqs.~13! and ~15! we find

v5
kkzVe

k21ve
2/c2 S 12 i

kne
kzVe

D , ~16!

which represents the propagation mode at low frequencies.
For quasiparallel propagation,kz'k, we recover Eq.~6! cor-
rected for electron inertia and withne/Ve corresponding to
ne/Ve[11(n i /ne)(Ve/V i)], we have

v5
Ve

11ve
2/k2c2 S 12 i

ne
Ve

D . ~17!

In the following sections, Eq.~10! and its transform will
be solved first for a two-dimensional current source~current
sheet!, given by

Js~x,z,t !5 HexJ0d~z!~12e2t/t!, uxu,L,
0, uxu.L, ~18!

and then for a three-dimensional source,

Js~x,y,z,t !5 HexJ0d~z!d~y!~12e2t/t!u~ t !, uxu,L,
0, uxu.L,

~19!

whereu(t) is a step function, andt is the rise time of the
source.

IV. COMPUTATIONAL RESULTS

We now present the results obtained by numerically
solving Eq.~10! for the sources given by Eqs.~18! and~19!.

A. Response to a current sheet: Collisionless case

Figures 2–6 show the results for the casene50,
ve/Ve51, t545Ve

21, and lengthL542c/ve for the source
given by Eq.~18!. The results refer to a current source with
J051 mA/m. Figures 2 and 3 show the temporal evolution of
the magnetic fieldB~r ,t! as it propagates away from the
source.

A pulse induced by the current propagates away on both
sides of the source. It is generated during the switch-on and
is characterized by strong dispersion with the perturbations
with shorter wavelengths running ahead of those with longer
wavelengths, as shown in Figs. 2~b! and 2~c! . The wave
packet exhibits characteristics of the whistler wave
and propagates with a group velocityc/3. Since the group
velocity of the parallel propagating whistler is
Vg52cAvVe /ve

2, this observed group velocity~c/3! corre-
sponds to a frequencyv5Ve/36, comparable to the
switch-on timet545Ve

21. The wave numbers in the wave
packets are in the range,k'526ve/c. The identification of
the precursor waves as whistlers is clear from the wave po-
larization ~Fig. 3!, which shows that theBx andBy fields in
the x50 plane are 90° out of phase, as expected for these
right-hand polarized waves.

The dispersion curvev vs kz obtained by computing
wavelengths at different frequencies, is displayed in Fig. 4.
The computed points fall on the theoretical dispersion curve
for whistlers,13 shown as a solid line in Fig. 4. When the
source is turned off, the wave packets disconnect from the
source and propagate as isolated wave packets~Fig. 5!. This
is quite different from the behavior during the switch-on
~Fig. 3!, during which the radiation field is connected to the
source. By turning on and off the cross-field current source,
we can generate isolated low-frequency wave packets propa-
gating away on both sides of the current source.

Of particular significance is the identification of the cur-
rents induced in the plasma and of the current closure path.
This aspect has not been emphasized in the previous studies.
The current carried by the excited waves att5300Ve

21 is
shown in Fig. 6. The initial source current withL575c/ve is
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shown with a large arrow in the middle, while the plasma
currents are proportional to the lengths of the arrows. The
complete current path consists of~1! the outgoing portion of
the closure current, as represented by theJz flowing from the
top of the current source outward along the magnetic field
connecting the top;~2! the crossover portion of the closure
current, as represented by theJx flowing across the field and
the midplane; and~3! the return portion of the closure cur-
rent, as represented by theJz flowing along the magnetic
field toward the bottom of the current source, thus complet-
ing the circuit. The two current loops expand along thez
direction, preceded by whistler radiation. The expanding
loop has a whistler structure and the front expands in time as

Z~ t !'
c

ve
AVet. ~20!

The current closure region expands along the external mag-
netic field with the whistler, the group velocity, and is con-
sistent with the time scale given by Eq.~20!. However, the
process is weakly dissipative.

We have performed a comprehensive study of the scal-
ing of the field aligned length of the current loop as a func-
tion of the plasma parameters, and the results are shown in
Fig. 7. The current front moves with the whistler group ve-
locity, which is frequency dependent, and the typical group
velocity is computed using a fixed frequency,v5Ve/170.
The size of the current closure region is defined by the loca-
tion of the current reversal away from the source. For ex-
ample, in Fig. 6, the closure current reverses direction at
z.45c/ve , defining the boundary of the region. The size of
the loopr at a timeVet5200 as a function of the electron
plasma frequency is shown in Fig. 7~a!, and it scales as
ve

21.1. The current closure size at timevet5200, but withve

constant andVe varying, is shown in Fig. 7~b! and the scal-
ing is r;Ve

0.64. Finally, Fig. 7~c! shows the closure range as
a function of time for the caseve/Ve51, giving at0.6 scal-

FIG. 2. The amplitudes of the magnetic field componentBx as a function of
z along the external magnetic field line in thex50 plane at different times:
~a! 50Ve

21, ~b! 100Ve
21, and~c! 200Ve

21. The pulse propagates at the group
velocity of whistler waves.

FIG. 3. The magnetic field componentsBx andBy , which are 90° out of
phase inz. The excited waves propagate as right-hand circularly polarized
waves along the background magnetic field.

FIG. 4. The normalized dispersion relation, obtained numerically from the
wavelengths corresponding to different frequencies~squares! and that given
by v5Ve/(11ve

2/k2c2) for the given plasma parameterve/Ve51 ~solid
line!. Both polarization and dispersion measurements show that the current
perturbations excite whistlers.
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ing. These results confirm the validity of Eq.~20! in describ-
ing the loop expansion.

The above results show that the current closure is ac-
complished at early times. Besides the two field aligned cur-
rents, the current closure is accomplished by an electron
cross-field Hall current and the closure region expands with
the whistler group velocity. The electron Hall current is
driven by an electric fieldEy , whose temporal evolution in
the x-z plane is shown in Fig. 8. Notice that the plasma
response remains well confined in the transverse direction to
a size comparable to 2L, while propagating alongB. We
should remark that this transverse confinement was observed
in another set of runs~not shown here!, with L584c/ve and
168c/ve .

14 The cross-field currents at the switch-off showed
that current closure pattern is approximately the same as in
the switch-on case with the current directions reversed.

An interesting effect related to long time propagation
following the switch-off of the source current for the colli-
sionless case can be seen in Fig. 9. It shows contours of the
electric field att52000Ve

21, for a source witht5100Ve
21,

which is turned off at 100Ve
21. It can be seen that the two

wave packets disconnect and propagate uncoupled with the
characteristic ‘‘Story’’ structure over a 19° angle.13

The previous results were constrained to relatively short
values oft. On the basis of the physics we expect similar
behavior for longer time scales. To confirm this we per-
formed a set of runs witht5104Ve

21, the other parameters
beingve/Ve52, andL584c/ve and 1600c/ve . A summary
of the results for the evolution ofBy is shown in Fig. 10 in a
different format. The helicon wave packet is highly disper-
sive, exhibiting characteristics similar to the whistler wave
discussed previously. The current closure structure is similar
to the one shown in Fig. 6. It should be noted that in the

FIG. 5. The magnetic field componentsBx ~solid line! andBy ~dotted line!
fields att5200Ve

21. The current pulse is turned on att50 and turned off at
t550Ve

21. The plasma parameters are the same as in Fig. 3.

FIG. 6. The plasma current flow in thex-z plane at timet5300Ve
21, with

Ve/ve51 and t545Ve
21. The current source size isL575c/ve and the

initial current is shown~not to scale! in the middle for comparison.

FIG. 7. The scaling of the current closure,~a! closure range as a function of
plasma frequency for fixedf ce51 MHz, ~b! closure range as a function of
cyclotron frequency for fixedf pe51 MHz, and~c! closure range as a func-
tion of time for f pe/ f ce51, and f ce51 MHz.
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absence of ion dynamics, these results do not represent the
complete physical picture. However, the long time effects of
dispersion and dissipation on the propagating wave packets
is shown by these results.

In concluding, we note that the observed field and cur-
rent structures can be understood qualitatively with the fol-
lowing simple physical model. The time-varying current
drives an inductive electric fieldEx52]Ax/]t that is anti-
parallel to it when]I /]t.0 and parallel when]I /]t,0.
Since the electrons are strongly magnetized, this electric field
generates only a small polarization current. However, the
electrons perform anEx3B0 drift that gives rise to a space-
charge electric fieldEy perpendicular to the source current.
The consequence of this nonuniform space charge separation
is twofold: ~1! It gives rise to field-aligned currentsJi that

flows so as to neutralize the excess charges. These field-
aligned currents give rise to the observed magnetic field
componentBx shown in Figs. 2 and 3; and~2! the electrons
perform anEy3B0 drift that gives rise to cross-field currents
Jx5necEy/B0 , antiparallel to the imposed current. Although
this Hall current has the appearance of an induced current, it
is not directly driven by the inductive electric field but only
indirectly via the space-charge separation.15As the currentJx
moves alongB0 into the plasma, the above processes repeat
at the wave front, although with reversed signs: an induced
electric field2]Ax/]t gives rise to an electron driftvy , re-
sulting in a space-charge electric fieldEy and Hall current
Jx52sHEy , with sH5ve

2/4pVe . The electron Hall cur-
rents, which are not balanced by ion Hall currents, form the
cross-field currents.

B. Collisional and 3-D effects

Although the collective motion of magnetized electrons
in a plasma dominates the dynamic response, collisional ef-
fects are important. On including collisional effects in the
EMHD model, the dispersion relation of whistler/helicon
waves in magnetized electron plasma becomes
v5Ve(12 ine/Ve)/(11ve

2/k2c2). The damping rate of the
radiation fields due to collisions is controlled by the factor
ne/Ve . We have performed a series of computations with the

FIG. 8. The contours ofEy at different times after applying a current pulse
acrossB0: ~a! 50Ve

21, ~b! 100Ve
21, and~c! 200Ve

21.

FIG. 9. The contours ofEx(x,z) and Ey(x,z) at time t52000Ve
21 after

applying a current acrossB0. The current pulse is turned on att50 and
turned off att5100Ve

21. Note the wavefront spreads in a cone at an angle
a'20° with respect toB0.

1489Phys. Plasmas, Vol. 3, No. 5, May 1996 Zhou et al.
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.2.129.152 On: Wed, 07 May 2014 18:36:27



values of the parameters corresponding to those of Figs. 2–6,
but with ne varying between~0.00121!Ve . The results for
the evolution ofBx are shown in Fig. 11, att5200Ve

21. For
ne50.01Ve , the wave pattern is similar to the collisionless
case@Fig. 2~c!#. When the collision frequency is increased,
the waves are gradually damped. Forne50.1Ve , the oscil-
lating part ofBx is damped, while forne5Ve the collective
mode ceases to exist and the field diffuses into the plasma in
a fashion similar to a conventional conductor. The structure
of the current loop follows a similar pattern.

For a 3-D time-dependent cross-field current source@Eq.
~19!#, the current closure pattern is similar to the 2-D case.
For the strongly magnetized case, the field-aligned current is
shown in Fig. 12 and is closed by electron Hall current~not

shown!. In three dimensions the cross-field plasma current is
more distributed than in the 2-D case shown in Fig. 6. Con-
sequently the current density is much smaller and does not
show in the isosurface plot of the current density, shown in
Fig. 12, for uJu50.1Js . The current distribution in thex-z
plane~at y50! for the 3-D distribution~Fig. 12! is shown in
Fig. 13. The cross-field current is displayed here, but not
shown in Fig. 12. The results obtained using the 3-D time-
dependent current source given by Eq.~19! follow the same

FIG. 10. The time variation of the magnetic field associated with a current
switch-on~1 mA, rise timet5104Ve

21! acrossB0 through a magnetoplasma.
The transient fieldBy at differentz from the source exhibiting wave char-
acteristics alongB0 are shown.

FIG. 11. The effect of collisions on radiation fieldBx(0,z,t) at t5200Ve
21

for collisional frequenciesne/Ve50.01, 0.1, and 1.0.

FIG. 12. The isosurface plot of the current density in three dimensions
corresponding to a current pulseJs~r ,t! imposed across the ambient mag-
netic fieldB0 for a strongly magnetized plasma,ne50.001Ve . The outgoing
~return! portion of the closure current flowing from the top~bottom! along
the ambient magnetic field lines. The cross-field plasma currents are not
shown due to their small values in this isosurface plot corresponding to
J50.1Js .

FIG. 13. The three-dimensional plasma current distribution generated by a
current pulseJs~r ,t! imposed across the ambient magnetic fieldB0 for a
plasma withne5Ve .
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general physics of the previous results, although the current
path appears more complex. An important result of the 3-D
runs is the striking difference of the current path between the
weakly collisional (ne50.001Ve) and the strongly colli-
sional (ne5Ve) cases shown in Figs. 12 and 13. Figure 12
shows a strong field-aligned response similar to the two-
dimensional case, and the current is again closed by a Hall
current~not shown!. The three-dimensional features are con-
fined in narrow regions about the field-aligned currents. On
the contrary, the strongly collisional case shows a cylindrical
distribution of currents about the imposed current, similar to
the diffusive response expected when a current pulse is ap-
plied on an isotropic conductor. Also, 3-D results show the
scale sizes of the current in they direction. In Fig. 12 the
field-aligned current channels has similar extents in thex and
y directions. In Fig. 13 the current is distributed in a region
that is narrower in they-direction.

V. GENERATION OF ELF/VLF WAVES BY
IONOSPHERIC HEATING

A fascinating and important property of the active iono-
sphere is its potential to act as a frequency transformer that
converts HF power injected from the ionospheric heater to
coherent VLF/ELF/ULF waves.5–8 Waves between 1023 Hz
and 30 kHz have been generated in the ionosphere by ampli-
tude modulated HF heating in the auroral zones. Ionospheric
heating modulates the ambient conductivity, redistributing
the ionospheric currents. This acts as an effective ionospheric
antenna radiating waves back to the ground or to the mag-
netosphere at the low modulation frequency. This antenna
has often been referred to as the Polar Electrojet Antenna
~PEJ!. A key issue on the subject is the radiative moment of
the PEJ.

Early analysis7,16assumed that the radiative moment was
a Horizontal Electric Dipole~HED! with momentME given
by

ME5E0DsLzL
2, ~21!

whereLz is the absorption length of the HF waves in thez
direction andL is the horizontal dimension of the heated
region. In the ionosphere~70–90 km!, where the modifica-
tion takes place,Ve.ne but V i,n i , as a result the EMHD
model applies. The results of Sec. IV showed that the plasma
responds to a cross-field current, such as the one that creates
the assumed HED, by forming a current loop that includes a
Hall current in the opposite direction to the applied current.
We, therefore, expect that the HED model is incorrect, and
should be replaced by a horizontal magnetic dipole~HMD!
type source. The objective of this section is to use the EMHD
model to determine the type of radiative source and its scal-
ing with frequency and plasma parameters.

A. Current source by modulated HF heating

In the region of the polar electrojet, a time-varying cur-
rent source is produced by modulated ionospheric heating.
The absorption of a HF wave in the lower ionosphere results
in the variation of the electron temperature (DTe) and, to a
lesser extent, of the electron density (DNe) at the modulation
frequency, and hence to a current modulation. The physics of

the current source generation by modulated ionospheric heat-
ing is as follows. At high latitudes the solar wind interaction
with the Earth’s magnetosphere results in the creation of an
electromotive force. Since the magnetic field lines are equi-
potentials, the high latitude electric fieldE05E0êx maps into
the lower ionosphere, where collisional processes allow for
the generation of cross-field currents. Two types of currents
flow across the magnetic fieldB5B0êz . The Pedersen cur-
rent,

JP5sPE0êx , ~22!

in the direction of the electric fieldE0, and the Hall current,

JH5sHE0êy . ~23!

In Eqs.~22!–~23!, sP andsH are the Pedersen and Hall con-
ductivities, defined as

sP5
ne2

mVe
2

ne
11ne

2/Ve
2 and sH5

ne2

mVe
2

Ve

11ne
2/Ve

2 ,

~24!

respectively. Sincene varies linearly with the electron tem-
peratureTe , amplitude modulated heating at a low-frequency
v induces a modulation on the values of the conductivities
throughne . As is clear from Eq.~24!, for heating at altitudes
with ne!Ve , the dominant modulation is in the Pederson
conductivity, and this results in a low-frequency modulated
cross-field current.

The relevant current density is the height integrated cur-
rent densityJ0 due to the modulation in the temperature. For
the case that modification of the Pedersen conductivity domi-
nates, the current generated by modulated HF heating can be
written as a series of pulses, with each pulse represented by

Js~x,t !5êxS~x,t !J0 , ~25a!

S~x,t !5QS uxu2
L

2DQS uyu2
D

2 D d~z!

3H ~12e2t/t!, t<t0 ,
e2~ t2t0!/t2e2t/t, t.t0 ,

~25b!

J05 j 0Lz , ~25c!

whereQ(x) is the Heavyside step function,L andD are the
extensions of the current region in thex and z directions,
respectively,j 0 is the modified current density, andLz the
absorption length of the HF power. The values ofj 0 andLz
are given by10,11

j 05
ve
2

4pVe
2

DT

T0
ne~T0!E0 , ~26a!

Lz5
c

ne~T0!

vHF
2

ve
2 , ~26b!

whereT0 is the ambient temperature,DT is the modification,
andvHF is the frequency of the HF wave. In applying Eq.
~26b!, care should be exercised, in that it is valid only if

vHF
2

ve
2 ,

ne
c
LN ,
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whereLN is the plasma density gradient. From Eq.~26a! and
~26b!, we find

J05
c

Ve
S vHF

2

Ve
2 D DT

T0
~VeE0!. ~27!

B. Simulations of the PEJ structure

A set of simulations was performed using the code, to
determine the expected structure of the PEJ. The parameters
were taken as representative of 80–90 km of the ionosphere,
with f ce51 MHz and f pe52 MHz. The simulation box was
set in thex-z plane and covered a region of 120 km in each
dimension. A current pulse whose temporal behavior is given
by Eq. ~25!, with J051 mA/m, L520 km, andD51 m, was
placed in the middle of the box. The value of the dipole
moment was found by the numerical integration of the cur-
rent moment in the upper half-plane,

M5
1

2c E2L/2

L/2

dxE
2D/2

D/2

dyE
0

`

dz x3J~x,z,t !. ~28!

For the current source shown in the top panel of Fig. 14, the
value of

m[
My

D
5

1

2c E2L/2

L/2

dxE
0

`

dz@zJx~x,z,t !2xJz~x,z,t !#,

~29!

as a function of time is shown in the middle panel of Fig. 14.
In this particular caset0523104Ve

21, corresponding to an
ELF frequency of 300 Hz, whilen50.01Ve . After an initial
transient the magnetic moment increases asAt until the cur-
rent is turned off. The peak value ofm is 73105 A m2/m, for
J051 mA/m, and the minimum value is 33105 A m2/m, cor-
responding to a total net radiating moment of 43105

A m2/m. The temporal variation ofm(t) is due to the radia-
tion of whistler waves propagating upward. A radiation re-
sistance can be computed by integrating the Poynting flux
across a detector located, e.g., atz538 km. The temporal
behavior of the radiation resistanceR(t) is shown in the
lower panel of Fig. 14. It is expected that PEJ will radiate
whistler waves with instantaneous powerP(t)5R(t)(J0D)

2.
The role of the collisionality in the value ofm is shown in
Fig. 15. It can be seen that the radiative value ofm is rela-
tively insensitive tone for ne!Ve . However, the PEJ radia-
tion becomes negligible whenne/Ve'1. We finally note that
varying t0, which corresponds to varying the ELF frequency,
results in a scaling ofm ; At0 ; 1/Af , wheref is the ELF
frequency.

C. Structure and scaling of the PEJ antenna

From the results of Secs. VI A and VI B we can deter-
mine the magnetic moment expected of the PEJ antenna and
the resultant scaling by using a three layer model, such as
shown in Fig. 16. The upper layer has low collisionality
~ne/Ve<0.5!, whereas the lower layer has high collisionality

FIG. 14. The current sourceJs(t) generated by modulated HF heating~up-
per panel!, the magnetic momentM (t) generated byJs(t) ~middle panel!,
and the radiation resistance due toM (t) ~lower panel!.

FIG. 15. The integrated magnetic moment as a function of time for different
collision frequencies:ne50.01Ve ~solid line!, ne50.1Ve ~dashed line!, and
ne50.5Ve ~dot–dashed line!. The current pulse is turned on att50 and
turned off att523104Ve

21.
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~ne/Ve>0.5!, and the current flows in the middle layer with
0.5<ne/Ve<5.0. On the basis of the results presented in
Sec. V B,

M ~ t !'mu~ t !2ml~ t !'mu~ t !, ~30!

wheremu(m1) are the values ofMy/D in the upper and lower
layers.

The above analysis shows that the horizontal magnetic
dipole moment produced by modulated HF heating can be
written in mks units as

My~ f !563109S D

20 kmD S L

20 kmD
3S fHF

1.4 MHzD
2S DT

T0
DAf 0

f S E0

V/mDA m2, ~31!

where f 05300 Hz. In Eq.~30!, we note thatMy scales as
1/Af , and the corresponding power as 1/f . Such behavior is
clearly seen in the near-field results~f<1 Hz! of the Tromso
experiments.17 Similar behavior was observed in the transi-
tion from the near- to the far field for frequencies 78 and 154
Hz during high power active stimulation~HIPAS! experi-
ments. Furthermore, during the HIPAS experiments with
D;L;20 km, fHF'2.8 MHz andf5154 Hz,My varied be-
tween 33108–23109 A m2. This is consistent with Eq.~32!
for values ofE0 varying between 10 and 60 mV/m.

VI. CONCLUSIONS

The dynamic response of a magnetoplasma to an exter-
nal time-dependent current source is analyzed within the
framework of the EMHD equations. It is shown that, besides
short time scales, the EMHD model is a good physical model
for the D and E regions of the ionosphere, due to the pre-
dominance of ion–neutral collisions. Following a transient
emission of whistler/helicon waves, a current loop composed
of two field-aligned currents and a transverse Hall current, in
addition to the source current, is established. All the dynam-
ics are controlled by the electron flow. The currents are par-
allel to the perturbed components of the magnetic field and
all three components are important. The size of the loop
scales asAVet/ve

2. Following the termination of the source,
the current loop detaches from the source and damps at a rate
controlled by collisions. Whenne.Ve the wave motion dis-
appears and the plasma responds as an isotropic conductor.
In a homogeneous plasma two symmetric current loops form

on each side of the source. The presence of inhomogeneities
breaks the symmetry, so that the magnetic moments of the
loops do not cancel each other.

The results of the study have implications10,11 in the re-
sponse of electrodynamic tethers, short term perturbations of
the magnetopause and the magnetotail by the solar wind, and
on the physics of lower ionosphere when perturbed by natu-
ral or artificial sources at any frequency range. In this paper
we emphasized the application of the theory to the genera-
tion of ELF/VLF radiation by modulated HF heating of the
ionosphere. It is shown that, contrary to previous claims, the
source region has a magnetic moment consistent with a hori-
zontal magnetic dipole. The importance of the inhomogene-
ity in the vertical profile of the collision frequency is empha-
sized. The scaling properties and radiation power generated
are determined and shown to be consistent with the experi-
mental data.

Before closing, we should comment on some limitations
of the model, arising from the neglect of the wave fields in
the electron equation of motion@Eq. ~8!#. The results found
are linear in the strength of the source and obey the principle
of superposition. They are valid up to current densities, such
thatB!B0. This condition is easily satisfied for most iono-
spheric applications, sinceB/B0 is at most 1023. A most
stringent condition emerges in the very low collisionality re-
gime and is related to the presence of the parallel electric
field Ez . The value of this field can be estimated as

Ez5
~n1 iv!

ve
2 4p j z . ~32!

Sincej z is proportional to the current level at which phenom-
ena associated with runaway electrons and collective modes
would become important. Such phenomena could be impor-
tant in magnetospheric applications and some tether applica-
tions, and will be explored in a future paper.
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APPENDIX: EMHD MODEL (STATIONARY SOURCE)

Applying Fourier ~with respect tox,z! and Laplace
transforms~with respect tot! on Eq. ~10!, we obtain the
radiation fields in~k,v! space (s5 iv), as discussed in Sec.
III,

Ex~k,s!5 i
4pVe

c

Js
s

kx
2~11ne /s!1ve

2/c2

D
kz , ~A1!

FIG. 16. The three layer model of the magnetic moment.
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By~k,s!5 i
4p

c
Js

3
k2~11ne /s!1k2Ve

2/s21~ve
2/c2!~11ne /s!

D
kz ,

~A2!

Bz~k,s!52 i
4pVe

c

Js
s

kx
2~11ne /s!1ve

2/c2

D
kx , ~A3!

where D5[k2(11ne/s)1ve
2/c2] 21(kzkVe/s)

2. The fol-
lowing current source is introduced into a spatial region that
is filled with stationary cold plasma and uniform magnetic
field in thez direction,

Js~x,z,t !5 HexJ0d~z!~12e2t/t!, uxu,L,
0, uxu.L. ~A4!

The Fourier–Laplace transforms ofJs(x,z,t) is
Js(kx ,kz ,s)52J0 sinkxL/[kxs(st11)], and the inverse
Laplace transforms of Eqs.~A1!–~A3! yields

Bx~k,t !5 i
8pJ0Ve

ct

kz sin~kxL !

kx~k
21ve

2/c2!2 F Smx1t1
mx2

A1
1
mx3

A2
D

2mx1te
2t/t2

mx2

A1
e2A1t2

mx3

A2
e2A2tG , ~A5!

By~k,t !5 i
8pJ0
ct

kz sin~kxL !

kx~k
21ve

2/c2!2 F Smy1t1
my2

A1
1
my3

A2
D

2my1te
2t/t2

my2

A1
e2A1t2

my3

A2
e2A2tG ~A6!

Bz~k,t !52kx /kzBx~k,t !. ~A7!

The triads (mx1,mx2,mx3) and (my1,my2,my3) are the solu-
tions of the following linear equations.

T–S mx1

mx2

mx3

D 5S 0

kx
21

ve
2

c2

kx
2ne

D ,

T–S my1

my2

my3

D 5S k21ve
2/c2

ne~2k
21ve

2/c2!
k2~ne

21Ve
2!

D , ~A8!

where

T5S 1 1 1

A11A2 1/t1A2 1/t1A1

A1A2 A2 /t A1 /t
D , ~A9!

and A15k(2kne1 ikzVe)/(k
21ve

2/c2), A25k(2kn
2 ikzVe)/(k

21ve
2/c2)

We can now transformB~k,t!, given by Eqs.~A5!–~A7!,
numerically to obtain radiation fields and plasma currents in
~r ,t! space by using two-dimensional inverse FFT tech-
niques.
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